12 Analysis-of-Variance Models

In many experimental situations, a researcher applies several treatments or treatment
combinations to randomly selected experimental units and then wishes to compare
the treatment means for some response y. In analysis-of-variance (ANOVA), we
use linear models to facilitate a comparison of these means. The model is often
expressed with more parameters than can be estimated, which results in an X
matrix that is not of full rank. We consider procedures for estimation and testing
hypotheses for such models.

The results are illustrated using balanced models, in which we have an equal
number of observations in each cell or treatment combination. Unbalanced models
are treated in more detail in Chapter 15.

12.1 NON-FULL-RANK MODELS

In Section 12.1.1 we illustrate a simple one-way model, and in Section 12.1.2 we
illustrate a two-way model without interaction.

12.1.1 One-Way Model

Suppose that a researcher has developed two chemical additives for increasing the
mileage of gasoline. To formulate the model, we might start with the notion that
without additives, a gallon yields an average of p miles. Then if chemical 1 is
added, the mileage is expected to increase by 7; miles per gallon, and if chemical
2 is added, the mileage would increase by 7, miles per gallon.

The model could be expressed as

Vi=p+7t+e, =pt+tnte,

where y; is the miles per gallon from a tank of gasoline containing chemical 1 and &,
is a random error term. The variables y, and &, are defined similarly. The researcher
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296 ANALYSIS-OF-VARIANCE MODELS

would like to estimate the parameters w, 71, and 7, and test hypotheses such as
H() T = 1.

To make reasonable estimates, the researcher needs to observe the mileage per
gallon for more than one tank of gasoline for each chemical. Suppose that the exper-
iment consists of filling the tanks of six identical cars with gas, then adding chemical
1 to three tanks and chemical 2 to the other three tanks. We can write a model for each
of the six observations as follows:

yn=p+7+en, yo=pgt+7+en yn=pgt+n+es,
Yo = M+ T e, Yo = U T en, Y3 gt Tt e, (12.1)
or
Vi=p+Tite;, i=1,2, j=1,2,3 (12.2)
where y;; is the observed miles per gallon of the jth car that contains the ith chemical

in its tank and g is the associated random error. The six equations in (12.1) can be
written in matrix form as

Y11 1 10 e11
Y12 1 1 O © €12
Y13 1 1 O €13

— + 12.3
a1 1 01 :1 . (12.3)
y2 101 : en
Y23 I 01 £23

or
y=XB+ e

In (12.3), X is a 6 x 3 matrix whose rank is 2 since the first column is the sum of
the second and third columns, which are linearly independent. Since X is not of full
rank, the theorems of Chapters 7 and 8 cannot be used directly for estimating
B = (1, 71, ™) and testing hypotheses. Thus, for example, the parameters w, 7,
and 7, cannot be estimated by i% = (X'X)" X'y in (7.6), because (X'X) ! does not exist.

To further explore the reasons for the failure of (12.3) to be a full-rank model, let
us reconsider the meaning of the parameters. The parameter p was introduced as the
mean before adding chemicals, and 7; and 7, represented the increase due to chemi-
cals 1 and 2, respectively. However, the model y; = p + 7; + &; in (12.2) cannot
uniquely support this characterization. For example, if @ =15, 7, = 1, and m» = 3,
the model becomes

yj=15+1+e;=16+¢ey j=12,3,

. (12.4)
y2/:15+3+32/:18+82/’ J:1’2’3
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However, from y;; = 16+ &;; and y, = 18 4 &5, we cannot determine that
p =157 =1, and 7, = 3, because the model can also be written as

yij=10+6+¢gy, j=1,2,3,
ij:10+8+82j’ j:1’2’3’

or alternatively as

ylj:2579+81j’ j:1’2’3’
yzj:2577+82j’ j:1’2’3’

or in infinitely many other ways.

Thus in (12.1) or (12.2), u, 71, and 7 are not unique and therefore cannot be esti-
mated. With three parameters and rank(X) = 2, the model is said to be overpara-
meterized. Note that increasing the number of observations (replications) for each
of the two additives will not change the rank of X.

There are various ways—each with its own advantages and disadvantages—to
remedy this lack of uniqueness of the parameters in the overparameterized model.
Three such approaches are (1) redefine the model using a smaller number of new par-
ameters that are unique, (2) use the overparameterized model but place constraints on
the parameters so that they become unique, and (3) in the overparameterized model,
work with linear combinations of the parameters that are unique and can be unam-
biguously estimated. We briefly illustrate these three techniques.

1. To reduce the number of parameters, consider the illustration in (12.4):
yij = 16 + €yj and Yoj = 18 + €9j.

The values 16 and 18 are the means after the two treatments have been applied.
In general, these means could be labeled @, and w, and the model could be
written as

ylj = /"Ll =+ 81j and y2j = ,U,Z =+ 82/.

The means w, and w, are unique and can be estimated. The redefined model for
all six observations in (12.1) or (12.2) takes the form

i 10 £11
iz 10 £12
ya [ _ |1 O R
yai 0 1 o €1 |’
y22 0 1 £
Y23 0 1 £23
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which we write as

y=Wu+e

The matrix W is full-rank, and we can use (7.6) to estimate g as

o= (‘f1> = (W'W)"'WYy.
2

This solution is called reparameterization.

. An alternative to reducing the number of parameters is to incorporate con-

straints on the parameters w, 71, and 7>. We denote the constrained parameters
as w, 77, and 75. In (12.1) or (12.2), the constraint 7} + 75 = 0 has the specific
effect of defining u* to be the new mean after the treatments are applied and 7}
and 7, to be deviations from this mean. With this constraint, y;; = 16 + &;; and
Y2j = 18 4 &9; in (12.4) can be written only as

ylj:17*1+81js y2j:17+1+82j-

This model is now unique because there is no other way to express it so that
7i + 75 = 0. Such constraints are often called side conditions. The model
yij = M+ 77 4 &; subject to 7 + 75 = 0 can be expressed in a full-rank
format by wusing 75 = —7 to obtain y;=pu*+7 +e; and
i = 1 — 71 + &;;. The six observations can then be written in matrix form as

yit 1 1 £11
yi2 1 1 £12
yis | _ |1 1 M: 4| e
1 1 —1 T €721
Y2 I 1 £
Y23 I 1 £23
or
y=X'u" +e

The matrix X* is full-rank, and the parameters w* and 7} can be estimated.
It must be kept in mind, however, that specific constraints impose specific defi-
nitions on the parameters.

. As we examine the parameters in the model illustrated in (12.4), we see some

linear combinations that are unique. For example, 7y — 7 = —2, w4+ 71 = 16,
and p + 7 = 18 remain the same for all alternative values of u, 7y, and 7.
Such unique linear combinations can be estimated.
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In the following example, we illustrate these three approaches to parameter defi-
nition in a simple two-way model without interaction.

12.1.2 Two-Way Model

Suppose that a researcher wants to measure the effect of two different vitamins and
two different methods of administering the vitamins on the weight gain of chicks.
This leads to a two-way model. Let «; and «, be the effects of the two vitamins,
and let 3; and 3, be the effects of the two methods of administration. If the researcher
assumes that these effects are additive (no interaction; see the last paragraph in this
example for some comments on interaction), the model can be written as

yn=p+o+8 +en, yn=p+a + B+ e,
y21:M+a2+B1+821’ y22:,LL+0£2+B2+822,

or as

vi=ptatBte, i=12 =12 (12.5)

where y; is the weight gain of the ijth chick and &;; is a random error. (To simplify
exposition, we show only one replication for each vitamin—method combination.)
In matrix form, the model can be expressed as

Y1 1 1 01 O o €11
yo!l |1 1.0 0 1 ! 12
wl =101 10 gz e (12.6)
Y22 1 01 0 1 B; €22
or
y=XB+ €.

In the X matrix, the third column is equal to the first column minus the second
column, and the fifth column is equal to the first column minus the fourth column.
Thus rank(X) = 3, and the 5 x 5 matrix X’X does not have an inverse. Many of
the theorems of Chapters 7 and 8 are therefore not applicable. Note that if there
were replications leading to additional rows in the X matrix, the rank of X would
still be 3.

Since rank(X) = 3, there are only three possible unique parameters unless side
conditions are imposed on the five parameters. There are many ways to reparameter-
ize in order to reduce to three parameters in the model. For example, consider the par-
ameters y;, ¥, and y; defined as

vV=pto+ B, h=a o, 3= 5, B
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The model can be written in terms of the y terms as

yu=@+a+p)ten=vy+en
yo=Ww+ta+B)+B,—B)ten=n+rnten

o=@+ o+ B+ (o —a)ten=y+vy+en
yo=@t+ta+pB)t(m—a)t+B,—B)ten=v+7r+vr+ten

In matrix form, this becomes

Y11 1 0 0 €11
yo| (1 0 1 |[™ L e
yw |l 11 o™ &1
v 11 1)\ £n
or
y=Zy e (12.7)

The rank of Z is clearly 3, and we have a full-rank model for which vy can be esti-
mated by ¥ = (Z'Z)"'Z'y. This provides estimates of vy, =a —a; and
v; = B, — B, which are typically of interest to the researcher.

In Section 12.2.2, we will discuss methods for showing that linear functions such
as w+a;+ B, ap —ay, and B, — B, are unique and estimable, even though
W, a1, oo, B, B, are not unique and not estimable.

We now consider side conditions on the parameters. Since rank(X) = 3 and there
are five parameters, we need two (linearly independent) side conditions. If these
two constraints are appropriately chosen, the five parameters become unique and
thereby estimable. We denote the constrained parameters by u*, o, and Bj* and con-
sider the side conditions «j + &3 =0 and B3} + 8; = 0. These lead to unique
definitions of «f and Bj* as deviations from means. To show this, we start by

writing the model as

yu =t e, yio = pp €, (12.8)
Y21 = Moy T 821, Y22 = Moo + €22,
where w; = E(y;) is the mean weight gain with vitamin / and method j. The means
are displayed in Table 12.1, and the parameters «}, ¢, B8}, 85 are defined as row («)
and column () effects.
The means in Table 12.1 are defined as follows:

ﬁi'ZW’ ﬂ'/‘:w’ ,L—L”:M11+M12:M21+M22.
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TABLE 12.1 Means and Effects for the Model in (12.8)
Columns (B)

Rows (&) 1 2 Row Means Row Effects

Row 1 11 M2 ITLL OZT - [LL - ﬁ’

Row 2 Uo Moo . 0=y — L.

Column R o . —
means

Column Bi=i,— R, B =y~ R, - -
effects

The first row effect, &y = i, — & _, is the deviation of the mean for vitamin 1 from
the overall mean (after treatments) and is unique. The parameters «, 3}, and 3; are
likewise uniquely defined. From the definitions in Table 12.1, we obtain

R e (12.9)
=2p —2p_ =0,
and similarly, B8]+ 85 =0. Thus with the side conditions o] + &5 =0 and
By + B; = 0, the redefined parameters are both unique and interpretable.
In (12.5), it is assumed that the effects of vitamin and method are additive. To
make this notion more precise, we write the model (12.5) in terms of
w=p,a=p —p,and §i =@, @

My = [+ (w; —p)+ (la,j —B)+ (Mij — M m)
= ,u,* + 0[? + Bj*

The term w; — ; — f; + @, which is required to balance the equation, is associ-
ated with the interaction between vitamins and methods. In order for o and Bj* to
be additive effects, the interaction p; — @; — f; + & must be zero. Interaction
will be treated in Chapter 14.

12.2 ESTIMATION

In this section, we consider various aspects of estimation of 3 in the non-full-rank
model y = X3+ £. We do not reparameterize or impose side conditions. These
two approaches to estimation are discussed in Sections 12.5 and 12.6, respectively.
Normality of y is not assumed in the present section.
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12.2.1 Estimation of 3

Consider the model

y=XB te,
where E(y) = X, cov(y) = o1, and X is n x p of rank k < p < n. [We will say
“X is n x p of rank kK <p <n” to indicate that X is not of full rank; that is,
rank(X) < p and rank(X) < n. In some cases, we have k <n < p.] In this non-
full-rank model, the p parameters in 3 are not unique. We now ascertain whether

B can be estimated.
Using least-squares, we seek a value of § that minimizes

ge=(y— XB/(y -~ XB).
We can expand & & to obtain
ge=yy—-2BXy+ BXXB, (12.10)

which can be differentiated with respect to i% and set equal to 0 to produce the familiar
normal equations

X'XB = Xly. (12.11)

Since X is not full rank, X’X has no inverse, and (12.11) does not have a unique
solution. However, X’Xf = X'y has (an infinite number of) solutions:

Theorem 12.2a. If X is n x p of rank k <p <n, the system of equations
X'Xf = X'y is consistent.

Proor. By Theorem 2.8f, the system is consistent if and only if
X'X(X'X) X'y =Xy, (12.12)

where (X'X)~ is any generalized inverse of X'X. By Theorem 2.8c(iii), X'X
(X’X)"X' = X/, and (12.12) therefore holds. (An alternative proof is suggested in
Problem 12.3.) O

Since the normal equations X’ Xﬁ = X'y are consistent, a solution is given by
Theorem 2.8d as

B = X'X) Xy, (12.13)
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where (X’X)~ is any generalized inverse of X'X. For a particular generalized
inverse (X'X)™, the expected value of i% is

EB) = X'X)"XE(y)
= (X'X) X'XB. (12.14)

Thus, i% is an unbiased estimator of (X’X)”X'X. Since (X'X)"X'X # I, i% is not an
unbiased estimator of 8. The expression (X'X)™ X'X is not invariant to the choice of
(X’X)"; that is, E(ﬁ) is different for each choice of (X’X)". [An implication in
(12.14) is that having selected a value of (X’X)~, we would use that same value of
(X’X)~ in repeated sampling.]

Thus, i% in (12.13) does not estimate f3. Next, we inquire as to whether there are
any linear functions of y that are unbiased estimators for the elements of f3; that is,
whether there exists a p x n matrix A such that E(Ay) = f. If so, then

B = E(Ay) = E[AXB + &)] = E(AXB) + AE(g) = AXB.

Since this must hold for all 8, we have AX = I, [see (2.44)]. But by Theorem 2.4(i),
rank(AX) < p since the rank of X is less than p. Hence AX cannot be equal to /,,, and
there are no linear functions of the observations that yield unbiased estimators for the
elements of 3.

Example 12.2.1. Consider the model y; = u+ 7 +¢&;; i=1,2; j=1,2,3 in
(12.2). The matrix X and the vector 8 are given in (12.3) as

—_——— O O O
=

N I Y
S OO ===

By Theorem 2.2c(i), we obtain
6 3 3
XX=13 30
303
By Corollary 1 to Theorem 2.8b, a generalized inverse of X'X is given by

X'X)” =

S OO
Suwi—= O
w—- O O
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The vector X'y is given by

yu
111 1 1 1\[7" y.
Xy=[(1 11000} [={x]
000 1 1 1/[™ Vs,
Y22
y23
where y = E?Zl E?Zl yij and y; E?Zl yij- Then
) 00 0\ /y 0
B=XX)Xy=|0 3 0 )1 A
0 0 3 2. Y.

where y; = 2?:1 Yi/3=yi/3.
To find E(fB), we need E(y;). Since E(g) = 0, we have E(g;;) = 0. Then

3
Ey;)=E <ZYU/3> = %Ei:l E(y;)
=1

:%EizlE(MJrTiJraij):%(?,MJr?,ﬂ.JrO)

= M+ T
Thus
. 0
EB)=| pt+tmn
Hm+ T
The same result is obtained in (12.14):
E(B) = (X'’X) X'XB

0 0O 6 3 3 o

0 % 0 3 30 T1

0 0 3 0 3 ™

%

0
,LL+7'1).
Hm+ T
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12.2.2 Estimable Functions of 3

Having established that we cannot estimate f3, we next inquire as to whether we can
estimate any linear combination of the f’s, say, A’ 8. For example, in Section 12.1.1,
we considered the model y; = p+ 7; + &;, i = 1,2, and found that w, 71, and 7, in
B = (i, 71, 7) are not unique but that the linear function 7, — 7 = (0,1, —1)B is
unique. In order to show that functions such as 7y — 7, can be estimated, we first give
a definition of an estimable function A’'g.

A linear function of parameters A’ is said to be estimable if there exists a linear
combination of the observations with an expected value equal to A'@; that is, A’ is
estimable if there exists a vector a such that E(a’y) = A'B.

In the following theorem we consider three methods for determining whether a
particular linear function A’ is estimable.

Theorem 12.2b. In the model y = X8+ &, where E(y) =X and X is n x p
of rank k < p < n, the linear function A’'8 is estimable if and only if any one of
the following equivalent conditions holds:

(i) A’ is a linear combination of the rows of X that is, there exists a vector a such
that

a’X = A'. (12.15)

(ii) A’ is a linear combination of the rows of X'X or A is a linear combination of
the columns of X’X, that is, there exists a vector r such that

X'X=X o XXr=A (12.16)

(iii) A or A’ is such that
XXX'X) A=A or NXX)X'X—= A, (12.17)

where (X’X)~ is any (symmetric) generalized inverse of X'X.

Proor. For (ii) and (iii), we prove the “if” part. For (i), we prove both “if” and “only
if.”

(i) If there exists a vector a such that A’ = a’X,, then, using this vector a, we have
E@'y) = aE(y) = aXB = A'B.

Conversely, if A’ is estimable, then there exists a vector a such that
E(a'y) = A'B. Thus a’Xg = A'B, which implies, among other things, that
aX=A.
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(ii) If there exists a solution r for X'Xr = A, then, by defining a = Xr, we obtain

E(a'y) = E(r'X'y) = r'X'E(y)
—rX'XB = NB.

(i) If X’X(X'X)~ A = A, then (X’X)~ A is a solution to X'Xr = A in part(ii). (For
proof of the converse, see Problem 12.4.) O

We illustrate the use of Theorem 12.2b in the following example.

Example 12.2.2a. For the model y; =+ 7+sgy; i=1,2; j=1,2,3 in
Example 12.2.1, the matrix X and the vector 3 are given as

1 1 0
1 1 0 i
1 1 0

X* 1 O 1 > B* Tl
1 01 n
1 0 1

We noted in Section 12.1.1 that 71 — 7, is unique. We now show that 7, — m» =
(0,1, —1) = A’ B is estimable, using all three conditions of Theorem 12.2b.

(i) To find a vector a such that a’X =A"= (0,1, —1), consider a’ =
(0,0,1, —1,0,0), which gives

a/X - (O’O’ 1’ 71’O’O)X - (1’ 150) - (1505 1)
=(0,1, -1) = A
There are many other choices for a, of course, that will yield a’X = X/, for

example a’ = (1,0,0,0,0, —1) or a’ = (2, —1,0,0, 1, —2). Note that we can
likewise obtain A’'B from E(y):

NB=a'Xp=aE(y) = (0,0,1, —1,0,0)E(y)

E(yn)
E(y12)
E(y13)
E(y21)
E(y2)
E(y»)

=E(yn)—E(y)=p+n—(@+mn)=1—mn.

- (O’O’ 1’ 71505 O)
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(ii) The matrix XX is given in Example 12.2.1 as

6
XX=13
3

S W W

3
0
3

To find a vector r such that X'Xr=A=(0,1,-1), consider

r = (0, %, — %)’, which gives

6 3 3 0
XXr=(3 3 0 1= 1]=A
30 3/\ 1 —1

There are other possible values of r, of course, such as r = (f%, %, 0y.

(iii) Using the generalized inverse (X'X)~ = diag(0, %, %) given in Example
12.2.1, the product X'X(X’X)~ becomes

X'X(X'X)™ =

o O O
O = =
—_—O =

Then, for A = (0,1, —1), we see that X’X(X’X)"A = A in (12.17) holds:

0 1 1 0 0
010 1| = 1 O
0 0 1 —1 —1

A set of functions A\ B, A5B,..., A B is said to be linearly independent if the
coefficient vectors Ay, Ap,..., A, are linearly independent [see (2.40)]. The
number of linearly independent estimable functions is given in the next theorem.

Theorem 12.2¢c. In the non-full-rank model y = Xf3 + &, the number of linearly
independent estimable functions of 8 is the rank of X.

Proor. See Graybill (1976, pp. 485-486). O

From Theorem 12.2b(i), we see that x/f is estimable for i = 1,2, ...,n, where x/
is the ith row of X. Thus every row (element) of X3 is estimable, and X3 itself can be
said to be estimable. Likewise, from Theorem 12.2b(ii), every row (element) of X'Xg
is estimable, and X'Xf3 is therefore estimable. Conversely, all estimable functions can
be obtained from X8 or X'Xf3:

Thus we can examine linear combinations of the rows of X or of X’X to see what
functions of the parameters are estimable. In the following example, we illustrate the
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use of linear combinations of the rows of X to obtain a set of estimable functions of
the parameters.

Example 12.2.2b. Consider the model in (12.6) in Section 12.1.2 with

11010 5

1 10 01 !
X*10110"3*22
1 010 1 I
B

To examine what is estimable, we take linear combinations a’X of the rows of X to
obtain three linearly independent rows. For example, if we subtract the first row of X
from the third row and multiply by f3, we obtain (0 —1 1 0 0)8 = —a; + &, which
involves only the a«’s. Subtracting the first row of X from the third row can be
expressed as a’X = (—1010)X = —x} + x5, where x| and xj are the first and
third rows of X.

Subtracting the first row from each succeeding row in X gives

1 1 0 1 0
0O 00 -1 1
0 -1 1 0 o0
0 -1 1 -1 1

Subtracting the second and third rows from the fourth row of this matrix yields

1 1 0 1 0
0 00 -1 1
0 -1 1 0 o0
0 0O 00

Multiplying the first three rows by f3, we obtain the three linearly independent esti-
mable functions

A/IB:M’+0[1+B1’ A/ZB:B27B1’ A/SBZO[Z*O[I-

These functions are identical to the functions 7y;, ,, and y; used in Section 12.1.2 to
reparameterize to a full-rank model. Thus, in that example, linearly independent esti-
mable functions of the parameters were used as the new parameters.

In Example 12.2.2.b, the two estimable functions 8, — 3; and «; — &, are such
that the coefficients of the ’s or of the «&’s sum to zero. A linear combination of
this type is called a contrast.
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12.3 ESTIMATORS

12.3.1 Estimators of A’

From Theorem 12.2b(i) and (ii) we have the estimators a’y and X'y for A’ 8, where
a’ and r’ satisfy A’ = a’X and A’ = XX, respectively. A third estimator of A’ is
A’ﬁ, where i% is a solution of X' Xi% = X'y. In the following theorem, we discuss

some properties of rX'y and A’ﬁ. We do not discuss the estimator a’y because it
is not guaranteed to have minimum variance (see Theorem 12.3d).

Theorem 12.3a. Let A'B be an estimable function of 8 in the model y = X8 + &,
where E(y) = Xf3 and X is n X p of rank &k < p < n. Let i% be any solution to the
normal equations X'X8 = X'y, and let r be any solution to X’Xr = A. Then the two
estimators A’ i% and r'X’y have the following properties:

i) EA'B) = ExX'X'y) = NB.
(ii) A’i% is equal to X'y for any i% or any r.
(iii) A’i% and r'X’y are invariant to the choice of i% orr.

Proor

(i) By (12.14)
EXNB)=NEPB) = N X'X)" X'XB.
By Theorem 12.2b(iii), A'(X’X)"X'X = X', and E(X’B) becomes

EQA'B) = XB.
By Theorem 12.2b(ii)

EXX'y) = FX'E@y) = ¥X'XB = XB.

(ii) By Theorem 12.2b(ii), if A’ 8 is estimable, A’ = r'X’X for some r. Multiplying
the normal equations X'X8 = X'y by r’ gives

rX'Xg =rXly.
Since ¥X'X = A’, we have
AB=rXly.

(iii) To show that rX'y is invariant to the choice of r, let r; and r, be such that
X'Xr; = X'Xr, = A. Then

YXXB=r Xy and rXXB=r,Xly.
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Since r{ X'X = r, XX, we have r| X'y = r,Xy. Itis clear that each is equal to
by i% (For a direct proof that A’ i% is invariant to the choice of i%, see Problem 12.6.)
O
We illustrate the estimators r'X’y and Ai% in the following example.

Example 12.3.1. The linear function A’'8 = 7 — 7 was shown to be estimable in
Example 12.2.2a. To estimate 7 — 7, with r'X’y, we use r' = (0, , —31) from
Example 12.2.2a to obtain

Y11
1111 1\ |
PXy=(04 -1 1100 0f|"
y ’3’ 3 y21
0001 1°1
Y22
Y23
y. 0oy
1. 2. _ _
:(O’%’*%) Y1 :?*?:)’1*)’23
Ya.

2 3 3 - 3
where y =377, Zj:l Yij> Yi. = E/:l Yijs and y; =y, /3 = Ej:lyij/?"
To obtain the same result using A', we first find a solution to the normal
equations X'Xf = X'y

6 3 3 i y.
33 0(n]=1{xw
30 3/ \m ya.

or
6,&/ +3%‘1 +3’AT2 =y

3o+ 37 =y

3 +30 =y

The first equation is redundant since it is the sum of the second and third equations.
We can take f to be an arbitrary constant and obtain

%‘1:%_))1.7:&:5)1.7:&’ %—2:%);2'7,&:5)2'7/1.

Thus

Il
)

B T yi. |+l -1
™ Y. -1
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To estimate 7, — ™ = (0,1, -)B=A'B, we can set 4 =0 to obtain
B=(0,%,y,) and NB =75, —5,.If we leave ji arbitrary, we likewise obtain

i
A/B:(O’ 1’71) yliﬂ’
Vo — i

=y. b= — @)=y, V- ]

Since i% = (X’X) X'y is not unique for the non-full-rank model y = X + £ with
cov(y) = o1, it does not have a unique covariance matrix. However, for a particular
(symmetric) generalized inverse (X'X)~, we can use Theorem 3.6d(i) to obtain the
following covariance matrix:

cov(B) = cov[(X'X) X'y]
= X'X) X' (PDX[(X'X) T
— AX'X) X' XX'X) . (12.18)

The expression in (12.18) is not invariant to the choice of X'X)".
The variance of A’ or of r'X'y is given in the following theorem.

Theorem 12.3b. Let A’ be an estimable function in the model y = X + &, where
X is n x p of rank k < p < n and cov(y) = oL Let r be any solution to X'Xr = A,

and let 8 be any solution to X'’Xf3 = X'y. Then the variance of A’ or Xy has the
following properties:

(i) var(r'X'y) = >rX'Xr = o°rA.
(ii) var(A’B) = oA/ (X'’X)"A.
(iii) Var()t’i%) is unique, that is, invariant to the choice of r or (X'X)™.

Proor
@) var(r'X'y) = r'X'cov(y)Xr [by (3.42)]
= X' (’DXr = 2r'X'Xr
= r'A. [by (12.16)].
(i) var(A'B) = A'cov(B)A

= ANXX) X'XX'X) A [by (12.18)].
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By (12.17), N(X’X) " X'X = X/, and therefore
var(A'B) = A’ (X'X)"A.

(iii) To show that r’A is invariant to r, let r; and r, be such that X'Xr; = A and
X'Xr, = A. Multiplying these two equations by r}, and r|, we obtain

rpX'Xr; =154 and | X'Xr, = r{A.

The left sides of these two equations are equal since they are scalars and are
transposes of each other. Therefore the right sides are also equal:

Fy
A =T1A

To show that A'(X’X)™ A is invariant to the choice of X’X, let G; and G, be
two generalized inverses of X'X. Then by Theorem 2.8¢(v), we have

XG X' = XGX'.

Multiplying both sides by a such that a’X = A’ [see Theorem 12.2b(i)], we
obtain

a’XG X'a = a’XG,X'a,
AGA=AGA O

The covariance of the estimators of two estimable functions is given in the follow-
ing theorem.

Theorem 12.3c. If A{B and A,B are two estimable functions in the model
y = XB + &, where X is n x p of rank k < p < n and cov(y) = ¢”lI, the covariance
of their estimators is given by

cov(N B, A, B) = 0P\ A, = P Air, = PN (X'X) A,
where X'Xr; = A; and X'Xr; = A,.
Proor. See Problem 12.12. O

The estimators A’i% and X'y have an optimality property analogous to that in
Corollary 1 to Theorem 7.3d.
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Theorem 12.3d. If A’ is an estimable function in the model y = X + &, where X
is n x p of rank k < p < n, then the estimators A’ and r'X'y are BLUE.

Proor. Let a linear estimator of A’ be denoted by a’y, where without loss of general-
ity a'y = r'X'y + 'y, that is, a’ = X’ + ¢/, where r’ is a solution to A" = r’X’X. For
unbiasedness we must have

ANB=E@y =aXp=rXXg+Xg=>rXX+Xg.
This must hold for all 3, and we therefore have
A =rXX+ X,
Since A’ = r'X’X, it follows that ¢’X = 0’. Using (3.42) and ¢/X = (', we obtain

var(a'y) = a’cov(y)a = a'o’la = o”a’a
= (X + ¢)Xr +¢)
= X' Xr+ rX'c+ ¢/Xr + ¢c)
= (X' Xr + o).
Therefore, to minimize var(a’y), we must minimize ¢’c = >, ¢2. This is a minimum

when ¢ = 0, which is compatible with ¢/X = 0’. Hence a’ is equal to ¥X’, and the
BLUE for the estimable function A'Bis a'y = rX'y. O

12.3.2 Estimation of o?
By analogy with (7.23), we define

SSE = (y — XB)'(y — Xp), (12.19)

where i% is any solution to the normal equations X’Xﬁ = X'y. Two alternative
expressions for SSE are

SSE = yy — B Xy, (12.20)

SSE = y'[I - X(X'X) X'ly. 12.21)
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For an estimator of o2, we define

(12.22)

where n is the number of rows of X and k = rank(X).
Two properties of s> are given in the following theorem.

Theorem 12.3e. For s defined in (12.22) for the non-full-rank model, we have the
following properties:

() E(s®) = o
(i) s* is invariant to the choice of i% or to the choice of generalized inverse
X'X)".
ProoF

(i) Using (12.21), we have E(SSE) = E{y'[I — X(X'X)"X']y}. By Theorem 5.2a,
this becomes

E(SSE) = tr{[I — X(X'X)"X'](¢’D)} + BX'[T - X(X'X) X']XB.

It can readily be shown that the second term on the right side vanishes. For the
first term, we have, by Theorem 2.11(i), (ii), and (viii)

o[l — X(X'X)"X'] = o {tr(D) — r[X'XX'X) "1}
= (n— k),
where k = rank(X’X) = rank(X).

(i1) Since Xf3is estimable, Xi% is invariant to i% [see Theorem 12.3a(iii)], and there-

fore SSE = (y — XB)(y — XB) in (12.19) is invariant. To show that SSE in
(12.21) is invariant to choice of (X'X)~, we note that X(X’X)~ X' is invariant
by Theorem 2.8¢(v). O

12.3.3 Normal Model
For the non-full-rank model y = Xf3 4 &, we now assume that

yis NJ(XB, o’I) or &is N,(0, o°I).

With the normality assumption we can obtain maximum likelihood estimators.
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Theorem 12.3f. If y is N,(XB, o°I), where X is n x p of rank k < p < n, then the
maximum likelihood estimators for 8 and o are given by

B=XX) Xy, (12.23)

1 “ “
o = —(y - XB)(y — XB). (12.24)

Proor. For the non-full-rank model, the likelihood function L(8, ¢®) and its logar-

ithm In L(8, o) can be written in the same form as those for the full-rank model
in (7.50) and (7.51):

L(B, 0’2) = We*()“xﬁ)'(yfxﬁ)/ﬂf’ (12.25)

1
nL(B, o) = fgln Qm) glnol ~ 550 - XB/ - XP). (12.26)

Differentiation of In L(f3, 02) with respect to 8 and o” and setting the results equal to
Zero gives

X'XB = Xy, (12.27)
1 ~ ~
7 =~y - XB)(y — XB), (12.28)

where i% in (12.28) is any solution to (12.27). If (X’X)~ is any generalized inverse of
X'X, a solution to (12.27) is given by

B=XX)Xy. (12.29)
0

The form of the maximum likelihood estimator i% in (12.29) is the same as that of
the least-squares estimator in (12.13). The estimator ¢ is biased. We often use the
unbiased estimator s> given in (12.22).

The mean vector and covariance matrix for i% are given in (12.14) and (12.18) as
E(B) = X'X)"X'XB and cov(B) = o*(X'X)"X'X(X'X)". In the next theorem, we
give some additional properties of i% and s2. Note that some of these follow because

B = X’X) X'y is a linear function of the observations.
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Theorem 12.3g. If y is N,(XB, o°I), where X is n x p of rank k < p < n, then the

maximum likelihood estimators i% and s* (corrected for bias) have the following
properties:

Q) Bis N[(X'X) X'XB, >(X'X) X'XX'X) ].
(i) (n —k)s*/o” is ¥*(n — k).

(iii) i% and s* are independent.

Proor. Adapting the proof of Theorem 7.6b for the non-full-rank case yields the
desired results. O

The expected value, covariance matrix, and distribution of i% in Theorem 12.3g are

valid only for a particular value of (X'X)~, whereas, s is invariant to the choice of i%
or (X’X)~ [see Theorem 12.3e(ii)].

The following theorem is an adaptation of Corollary 1 to Theorem 7.6d.

Theorem 12.3h. Ify is N, (X, 0°1), where X is n x p of rank k < p < n, and if '8

is an estimable function, then A’$ has minimum variance among all unbiased
estimators. O

In Theorem 12.3d, the estimator A’ i% was shown to have minimum variance among
all linear unbiased estimators. With the normality assumption added in Theorem

12.3g, Ai% has minimum variance among all unbiased estimators.

124 GEOMETRY OF LEAST-SQUARES IN THE
OVERPARAMETERIZED MODEL

The geometric approach to least-squares in the overparameterized model is similar to
that for the full-rank model (Section 7.4), but there are crucial differences. The
approach involves two spaces, a p-dimensional parameter space and an n-dimensional
data space. The unknown parameter vector B is an element of the parameter space
with axes corresponding to the coefficients, and the known data vector y is an
element of the data space with axes corresponding to the observations (Fig. 12.1).

The n x p partitioned X matrix of the overparameterized linear model (Section
12.2.1) is

X = (x1,x2, ..., Xp).

The columns of X are vectors in the data space, but since rank(X) = k < p, the set of
vectors is not linearly independent. Nonetheless, the set of all possible linear combi-
nations of these column vectors constitutes the prediction space. The distinctive



12.4 GEOMETRY OF LEAST-SQUARES IN THE OVERPARAMETERIZED MODEL 317

Prediction space

Parameter space Data space

Figure 12.1 A geometric view of least-squares estimation in the overparameterized model.

geometric characteristic of the overparameterized model is that the prediction space is of
dimension k < p while the parameter space is of dimension p. Thus the product Xu,
where u is any vector in the parameter space, defines a many-to-one relationship
between the parameter space and the prediction space (Fig. 12.1). An infinite number
of vectors in the parameter space correspond to any particular vector in the prediction
space.

As was the case for the full-rank linear model, the overparameterized linear model
states that y is equal to a vector in the prediction space, E(y) = Xf, plus a vector of
random errors £. Neither B nor € is known. Geometrically, least-squares estimation
for the overparametrized model is the process of finding a sensible guess of E(y) in
the prediction space and then determining the subset of the parameter space that is
associated with this guess (Fig. 12.1).

As in the full-rank model, a reasonable geometric idea is to estimate E(y) using ¥,
the unique point in the prediction space that is closest to y. This implies that the differ-
ence vector £ = y — ¥ must be orthogonal to the prediction space, and thus we seek ¥y
such that

X'e=0,
which leads to the normal equations

X'XB = Xly.

However, these equations do not have a single solution since X'X is not full-rank.
Using Theorem 2.8e(ii), all possible solutions to this system of equations are given
by B = (X’X) X'y using all possible values of (X'X)". These solutions constitute
an infinite subset of the parameter space (Fig. 12.1), but this subset is not a subspace.
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Since the solutions are infinite in number, none of the i% values themselves have any
meaning. Nonetheless, § = Xi% is unique [see Theorem 2.8c(v)], and therefore, to be
unambiguous, all further inferences must be restricted to linear functions of Xﬁ rather

than of i%

Also note that the n rows of X generate a k-dimensional subspace of p-dimensional
space. The matrix products of the row vectors in this space with § constitute the set of
all possible estimable functions. The matrix products of the row vectors in this space
with any i% (these products are invariant to the choice of a generalized inverse) con-
stitute the unambiguous set of corresponding estimates of these functions.

Finally, £ =y — Xi% = (I — H)y can be taken as an unambiguous predictor of €.
Since & is now a vector in (n — k)-dimensional space, it seems reasonable to estimate
o as the squared length (2.22) of & divided by n — k. In other words, a sensible esti-
mator of o2 is s> = y'(I — H)y/(n — k), which is equal to (12.22).

12.5 REPARAMETERIZATION

Reparameterization was defined and illustrated in Section 12.1.1. We now formalize
and extend this approach to obtaining a model based on estimable parameters.

In reparameterization, we transform the non-full-rank model y = X + &, where
Xisn x p ofrank k < p < n, to the full-rank model y = Z+y + &, where Z is n X k of
rank k and y = U is a set of k linearly independent estimable functions of 8. Thus
Zy = Xf, and we can write

Zy = ZUB = XB, (12.30)

where X = ZU. Since U is k x p of rank k < p, the matrix UU’ is nonsingular by
Theorem 2.4(iii), and we can multiply ZU = X by U’ to solve for Z in terms of X
and U:

ZUU = XU
Z = XU UU) L. (12.31)

To establish that Z is full-rank, note that rank(Z) > rank(ZU) = rank(X) = k by
Theorem 2.4(i). However, Z cannot have rank greater than k since Z has k
columns. Thus rank(Z) = k, and the model y = Z+vy + € is a full-rank model. We
can therefore use the theorems of Chapters 7 and 8; for example, the normal equations
Z/Zy — 7'y have the unique solution ¥ = (Z'Z)"'Zy.

In the reparameterized full-rank model y = Zvy + &, the unbiased estimator of o°
is given by

1
2 _ N FOT S,
S =LYy -2 (12.32)
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Since Zy = X, the estimators Z¥ and Xi% are also equal
Zy=XB,
and SSE in (12.19) and SSE in (12.32) are the same:

(y - XB'(y —XB) =y~ Z#'(y — Z%). (12.33)

The set UB = v is only one possible set of linearly independent estimable func-
tions. Let VB = & be another set of linearly independent estimable functions. Then
there exists a matrix W such thaty = W& + £. Now an estimable function A’ can be
expressed as a function of y or of &:

AB=by=_é. (12.34)
Hence
XB=by=1c5,

and either reparameterization gives the same estimator of A’ .

Example 12.5. We illustrate a reparameterization for the model y; = p+ 7+
gj, i=1,2, j=1,2. In matrix form, the model can be written as

1 1 0 w €11

1 10
y=XBte=1, o [t Zﬁ

1 0 1/ \™ £

Since X has rank 2, there exist two linearly independent estimable functions (see
Theorem 12.2c). We can choose these in many ways, one of which is w4+ 7 and

M+ 7. Thus
o
_(nm\_(wutny_(1 10 _
Y<h><u+n><1()1 ? ~UB

2

To reparameterize in terms of vy, we can use

O O = =
—_——O O
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so that Za = X:

10 " ptm
I o 71 71 T
7y — - -
Y 0 1 (Yz) Y2 n+
0 1 Y2 b

[The matrix Z can also be obtained directly using (12.31).] It is easy to verify
that ZU = X.

U =

—_——O O
TN
—_—
O =
— O
SN———
I
— =
O O = =
—_——O O

O O = =

12.6 SIDE CONDITIONS

The technique of imposing side conditions was introduced and illustrated in Section
12.1 Side conditions provide (linear) constraints that make the parameters unique and
individually estimable, but side conditions also impose specific definitions on the
parameters. Another use for side conditions is to impose arbitrary constraints on
the estimates so as to simplify the normal equations. In this case the estimates
have exactly the same status as those based on a particular generalized inverse
(12.13), and only estimable functions of 3 can be interpreted.

Let X be n x p of rank k < p < n. Then, by Theorem 12.2b(ii), X'Xf3 represents
a set of p estimable functions of 8. If a side condition were an estimable function of
B, it could be expressed as a linear combination of the rows of X'X8 and would con-
tribute nothing to the rank deficiency in X or to obtaining a solution vector i% for
X’Xi% = X'y. Therefore, side conditions must be nonestimable functions of 8.

The matrix X is n x p of rank k < p. Hence the deficiency in the rank of X is
p — k. In order for all the parameters to be unique or to obtain a unique solution

vector i%, we must define side conditions that make up this deficiency in rank.

Accordingly, we define side conditions TS =0 or Ti% =0, where T is a
(p — k) x p matrix of rank p — k such that T is a set of nonestimable functions.
In the following theorem, we consider a solution vector 8 for both X'X = X'y

and Ti% =0.

Theorem 12.6a. If y = X8+ &£, where X isn x pof rank k < p <n,and if T is a
(p — k) x p matrix of rank p — k such that T3 is a set of nonestimable functions, then

there is a unique vector 3 that satisfies both X’XB = X'y and TS = 0.
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Proor. The two sets of equations

y=XB+¢
0=TB+0

DRI B

Since the rows of T are linearly independent and are not functions of the rows of X,

(XY . X\ (XY .
the matrix T is (n+ p — k) x p of rank p. Thus T T is p X p of rank p,

and the system of equations

() G)e-(G) () 1239

can be combined into

has the unique solution

B=

SIBINSIS
(3] e (})

= XX+ TT) 'Xy+T0)

= X'X+TT) 'Xly. (12.37)

This approach to imposing constraints on the parameters does not work for full-rank
models [see (8.30) and Problem 8.19] or for overparameterized models if the con-
straints involve estimable functions. However if T is a set of nonestimable func-

tions, the least-squares criterion guarantees that Ti% = 0. The solution i% in (12.37)
also satisfies the original normal equations X’ Xi% = Xy, since, by (12.36)

XX+ TTB=Xy+T0
) . (12.38)
XX+ T'TB = Xly.

But TS = 0, and (12.38) reduces to X'X = X'y. O
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Example 12.6. Consider the model y; = pu+ 7 +¢g;i=1,2,j=1,2 as in
Example 12.5. The function 7; + 7, was shown to be nonestimable in Problem
12.5b. The side condition 71 + ™ =0 can be expressed as (0,1,1) =0, and
X’X 4 T'T becomes

4 2 2 0 4 2 2
2 20)4+(1](01 1)=(2 3 1
2.0 2 1 213
Then
f2 1 -l
XX+TT) ' = 2120
-1 0 2

With X'y = (y.,y1.,¥2.), we obtain, by (12.37)

B=XX+TT) Xy
2y =y — Y.

= 2y —y. =1y -
2y —y. Yo —

=Y

(12.39)

e
NIRRT

since y;. +y2. =y.. .
We now show that B in (12.39) is also a solution to the normal
equations X'Xf = X'y:

4 22 y. Y.
220wy |=|»n] or
2.0 2/ \n —J. V2.

4y +25. —y)+2052 —y) =y
2y 2051 —¥) =y
2y 25 V)=
These simplify to

2y 42y, =y.
2y, = .
2y, =y2,

which hold because y;, = y1./2,y, =y /2 and y;. +y2. = y.. O
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12.7 TESTING HYPOTHESES

We now consider hypotheses about the 8’s in the model y = X + &, where X is
n x p of rank k < p < n. In this section, we assume that y is N,(X, o°I).

12.7.1 Testable Hypotheses

It can be shown that unless a hypothesis can be expressed in terms of estimable func-
tions, it cannot be tested (Searle 1971, pp. 193—196). This leads to the following
definition.

A hypothesis such as Hy : B; = 8, = - -+ = B, is said to be festable if there exists
a set of linearly independent estimable functions A} 8, A5, ..., A/ B such that Hy is
true if and only if A =AB=--- = A B=0.

Sometimes the subset of 8's whose equality we wish to test is such that every con-
trast Y, c;3; is estimable (3, ¢;3; is a contrast if Y . ¢; = 0). In this case, it is easy to
find a set of ¢ — 1 linearly independent estimable functions that can be set equal to
zero to express By = --- = B,. One such set is the following:

AB=@q—DB —B+Bs+-+B)
NB=@—2B,— B+ +8)

A B=0B, 1 — B).

These ¢ — 1 contrasts A}, ... ,AQFIB constitute a set of linearly independent
estimable functions such that

A B 0
A 0

ifand only if B, = B, = -~ = B,.

To illustrate a testable hypothesis, suppose that we have the model
yi=pt+ai+B+ey i=1,2,3, j=1,2,3, and a hypothesis of interest is
Hy: o) = ap = a3. By taking linear combinations of the rows of X3, we can obtain
the two linearly independent estimable functions «; — ey and @) + ap — 2c3. The
hypothesis Hy: @y = ap = a3 is true if and only if oy — ap and o) + @ — 203 are
simultaneously equal to zero (see Problem 12.21). Therefore, H, is a testable
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hypothesis and is equivalent to

) a — {0
Hy: (al b 2013) = (O) (12.40)

We now discuss tests for testable hypotheses. In Section 12.7.2, we describe a pro-
cedure that is based on the full-reduced-model methods of Section 8.2. Since
(12.40) is of the form Hy: C = 0, we could alternatively use a general linear hypoth-
esis test (see Section 8.4.1). This approach is discussed in Section 12.7.3.

12.7.2 Full-Reduced-Model Approach

Suppose that we are interested in testing Ho: 8 = 8, = - - - = 3, in the non-full-rank
model y = X3+ &, where Bisp X 1 and Xisn X p of rank k < p < n. If H), is tes-
table, we can find a set of linearly independent estimable functions

ALB, AyB, ..., AiB such that Hy: B; = 8, = --- = B, is equivalent to
oL 0
AB 0
Hy: Y = : = .
B 0

It is also possible to find
A B
Y2 = :
AB

such that the k functions A\, ..., A8, A, B, ..., A B are linearly independent
and estimable, where k = rank(X). Let

_ (M
Y (7’2)'
We can now reparameterize (see Section 12.5) from the non-full-rank model
y = X3 + € to the full-rank model

Y=Zy+e=1iy, + 1Ly, + &

where Z = (Z,, Z,) is partitioned to conform with the number of elements in ¥,
and %,.
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For the hypothesis H: v, = 0, the reduced model is y = Z,¥; + £*. By Theorem
7.10, the estimate of 75 in the reduced model is the same as the estimate of 7, in the
full model if the columns of Z, are orthogonal to those of Z, that is, if Z,Z; = O.
For the balanced models we are considering in this chapter, the orthogonality will
typically hold (see Section 12.8.3). Accordingly, we refer to v, and 4%, rather than
to ¥4 and ;.

Since y = Zy + & is a full-rank model, the hypothesis Hy: y; = 0 can be tested as
in Section 8.2. The test is outlined in Table 12.2, which is analogous to Table 8.3.
Note that the degrees of freedom ¢ for SS(y,|7y,) is the number of linearly indepen-
dent estimable functions required to express H.

In Table 12.2, the sum of squares ¥'Zy is obtained from the full model
y=Zy+ & The sum of squares ¥;Z,y is obtained from the reduced model
y = Z,7, + £, which assumes the hypothesis is true.

The reparameterization procedure presented above seems straightforward.
However, finding the matrix Z in practice can be time-consuming. Fortunately, this
step is actually not necessary.

From (12.20) and (12.33), we obtain

Yy - BXy=yy - ¥Zy,

which gives
BX'y=#Zly, (12.41)

where i% represents any solution to the normal equations X’ Xi% = X'y. Similarly, cor-
responding to y = Zvy} + &*, we have a reduced model y = X,f3; + £* obtained by
setting 8, = B, = --- = B,. Then

B Xy = % Zby, (12.42)

where ﬁ; is any solution to the reduced normal equations X’ZXZ[AS’; = Xjy. We can

often use side conditions to find i% and i%;
We noted above (see also Section 12.8.3) that if Z,Z; = O holds in a reparame-
terized full-rank model, then by Theorem 7.10, the estimate of 3 in the reduced

TABLE 12.2 ANOVA for Testing Hy: vy, =0 in Reparameterized Balanced Models

Source of Variation df Sum of Squares F Statistic

Due to vy, adjusted for ¥y, t SS(vilv,) = ¥Z'y — ¥, Zy SS(y;|v,)/t
SSE/(n — k)

Error n—k SSE =yy— ¥Zy —

Total n—1 SST =y'y — ny?
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TABLE 12.3 ANOVA for Testing Hy: 8, =f,=---=f, in Balanced
Non-Full-Rank Models
Source of Variation df Sum of Squares F Statistic
Due to 3, adjusted for 3, t SS(B.1B,) = BX'y — B, X,y SS(Bi1B,)/t
SSE/(n — k)
Error n—k SSE =yy — X'y —
Total n—1 SST =y'y — ny? —

model is the same as the estimate of , in the full model. The following is an analo-
gous theorem for the non-full-rank case.

Theorem 12.7a. Consider the partitioned model y = X+ € = X, 8, + Xuof3, + &,
where X is n X p of rank k < p < n. If X;X; = O (see Section 12.8.3), any estimate
of B5 in the reduced model y = X, 85 + £ is also an estimate of 3, in the full model.

Proor. There is a generalized inverse of

X' X; XX
N 1431 1432
Xx= (XEXI X§X2>

analogous to the inverse of a nonsingular symmetric partitioned matrix in (2.50)
(Harville 1997, pp. 121-122). The proof then parallels that of Theorem 7.10. [

In the balanced non-full-rank models we are considering in this chapter, the ortho-
gonality of X; and X, will typically hold. (This will be illustrated in Section
12.8.3) Accordingly, we refer to 8, and 8,, rather than to 85 and f3;.

The test can be expressed as in Table 12.3, in which ﬁ’X’ y is obtained from the full
modely = X3 + £ and i%’ZX’Zy is obtained from the model y = X, 3, + &, which has
been reduced by the hypothesis Hy: 8, = 8, = --- = B,. Note that the degrees of
freedom ¢ for SS(B,|B,) is the same as for SS(y,|v,) in Table 12.2, namely, the
number of linearly independent estimable functions required to express Hj.
Typically, this is given by t = g — 1. A set of ¢ — 1 linearly independent estimable
functions was illustrated at the beginning of Section 12.7.1. The test in Table 12.3
will be illustrated in Section 12.8.2.

12.7.3 General Linear Hypothesis

As illustrated in (12.40), a hypothesis such as Hy: «; = a; = a3 can be expressed in
the form Hy : Cf3 = 0. We can test this hypothesis in a manner analogous to that used
for the general linear hypothesis test for the full-rank model in Section 8.4.1 The fol-
lowing theorem is an extension of Theorem 8.4a to the non-full-rank case.
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Theorem 12.7b. If y is N,(XB, 0°1), where X is n x p of rank k < p < n, if C
is m x p of rank m < k such that Cf3 is a set of m linearly independent estimable

functions, and if B = (X’X)~ X'y, then

(i) C(X’X)~C’ is nonsingular.
(ii) CB is N,,[CB, 2CX'X)~C'].
(iii) SSH/o? = (CBY[CX'X) C'T'CB/d* is x*(m,A), where A= (CB)
[CX'X) C'T'CB/202.
(iv) SSE/0? = y'[1 — X(X'X) X'ly/c? is x2(n — k).
(v) SSH and SSE are independent.

Proor

(1) Since

l/‘ﬂ B

is a set of m linearly independent estimable functions, then by Theorem
12.2b(iii) we have ¢/(X'X)"X'X = ¢/ for i = 1,2, ..., m. Hence

CX'X) XX =C. (12.43)
Writing (12.43) as the product
[CX'X) XX=C,
we can use Theorem 2.4(i) to obtain the inequalities
rank(C) < rank[C(X'X) X'] < rank(C).

Hence rank[C(X'X)™X'] = rank(C) = m. Now, by Theorem 2.4(iii), which
states that rank(A) = rank(AA’), we can write

rank(C) = rank[C(X'X)"X']
= rank[C(X'X)" X'][CX'X)"XT
= rank[C(X'X)" X'X(X'X)"C'].
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(i)

(iii)

(iv)
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By (12.43), C(X'X)" X'X = C, and we have
rank(C) = rank[C(X'X)~C'].

Thus the m x m matrix C(X’X)~C’ is nonsingular. [Note that we are assuming
that (X’X)” is symmetric. See Problem 2.46 and a comment following
Theorem 2.8¢(v).]

By (3.38) and (12.14), we obtain
E(CB) = CE(B) = C(X'X) X'XB.
By (12.43), C(X’X)" X'X = C, and therefore

E(CB) = CB. (12.44)

By (3.44) and (12.18), we have

cov(CP) = Ccov(B)C' = FCX'X) X' X(X'X) C'.
By (12.43), this becomes

cov(CP) = 2C(X'X) C. (12.45)

By Theorem 12.3¢g(i), i% is N,[(X'X)"X'X, 7> (X'X)" X'X(X'X) "] for a par-
ticular (X’X)~. Then by (12.44), (12.45), and Theorem 4.4a(ii), we obtain

Cp is N,,[CB, PC(X'X) C'].

By part (i), cov(CB) = o2C(X'’X)"C'. Since ¢?[CX'X) C']™"
CcX'xy C'/ o® =1, the result follows by Theorem 5.5.

This was established in Theorem 12.3g(ii).

By Theorem 12.3g(iii), i% and SSE are independent. Hence SSH = (Ci%)’
[C(X'X)"C']"'CP and SSE are independent [see Seber (1977, pp. 17—18)
for a proof that continuous functions of independent random variables and
vectors are independent]. For a more formal proof, see Problem 12.22. [

Using the results in Theorem 12.7b, we obtain an F test for Hy : Cf3 = 0, as given
in the following theorem, which is analogous to Theorem 8.4b.
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Theorem 12.7c. Lety be N, (X, 0°I), where X is n x p of rank k < p < n, and let
C, CB,and i% be defined as in Theorem 12.7b. Then, if H; : Cf3 = 0 is true, the statistic

~ SSH/m
- SSE/(n — k)
o X'X) /1! 0
_ CHICXX) CT CB/m (12.46)
SSE/(n — k)
is distributed as F(m,n — k).
Proor. This follows from (5.28) and Theorem 12.7b. O

12.8 AN ILLUSTRATION OF ESTIMATION AND TESTING

Suppose we have the additive (no-interaction) model
yi=pta+Bit+e;, =123 j=12

and that the hypotheses of interest are Hy : oy = ap = a3 and Hy : B; = 3,. The six
observations can be written in the form y = X3 + € as

i 1100 1 0\ /p en
y12 1 1 O O O 1 [44] €12
1 - 1 01 01 O [4%) €21
w1 o100 1||al|l ]! (12:47)
Y31 1 001 10 B £31
V32 1 0 01 0 1 BZ €32
The matrix XX is given by
6 2 2 2 3 3
22 0 0 1 1
w |2 02011
XX = 2.0 0 2 1 1
31 11 3 0
31110 3

The rank of both X and X'X is 4.
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12.8.1 Estimable Functions

The hypothesis Hjy: oy = ap = a3 can be expressed as Hy:a; —a, =0 and
a1 — a3 = 0. Thus H is testable if «; — «ay and a; — a3 are estimable. To check
a) — ay for estimability, we write it as
o] — ) = (O’ 1’ 71’ O’ O’ O)B - A/IB
and then note that A’l can be obtained from X as
(1’ O’ 71’ O’ O’ O)X - (O’ 1’ 71’ O’ O’ O)
and from X'X as

0, 4, —5,0,0,0X'X = (0,1, ~1,0,0,0)

(see Theorem 12.2b). Alternatively, we can obtain a; — «;, as a linear combination of
the rows (elements) of E(y) = Xf3:

E(y11 — y21) = E(y11) — E(y21)
=pto+B —(uwtotp)
— 0] — ).

Similarly, ¢y — a3 can be expressed as
o — a3 = (O’ 1’ O’ 71’ O’ O)B = A/ZB’
and A} can be obtained from X or X'X:

(1’ O’ O’ O’ 71’ O)X - (O’ 1’ O’ 71’ O’ O)’
(O’ %’ O’ 7%’ O’ O)X/X - (O’ 1’ O’ 71’ O’ O)

It is also of interest to examine a complete set of linearly independent
estimable functions obtained as linear combinations of the rows of X [see Theorem
12.2b(i) and Example 12.2.2b]. If we subtract the first row from each succeeding
row of X, we obtain

1 1 00 1 0
0O 00 0 -1 1
0O -1 10 00
0O -1 10 -1 1
0 -1 0 1 00
0 -1 01 -1 1
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We multiply the second and third rows by —1 and then add them to the fourth row,
with similar operations involving the second, fifth, and sixth rows. The result is

1 1 0 01 0
00 O 01 —1
01 -1 00 O
00 O OO0 O
0 1 0 -1 0 O
00 O 00 O

Multiplying this matrix by 8, we obtain a complete set of linearly independent
estimable functions: p + a1 + B, B; — B, @ — &, «; — a3. Note that the esti-
mable functions not involving w are contrasts in the o's or 8’s.

12.8.2 Testing a Hypothesis

As noted at the beginning of Section 12.8.1, Hy:«a) = ap = a3 is equivalent to
Hy:a; —ay = oy — a3 =0. Since two linearly independent estimable functions
of the «’s are needed to express Hy:ca; = ap = a3 (see Theorems 12.7b and
12.7¢), the sum of squares for testing Hy : &) = ap = a3 has 2 degrees of freedom.
Similarly, Hp : 3, = B, is testable with 1 degree of freedom.

The normal equations X'X8 = X'y are given by

6 22 2 3 3\ /i y.
22001 1||a Y.
20201 1|{|la]| |
20021 1||a|"|n] (12.48)
31113 0ffBg i
31110 3/\B ¥2

If we impose the side conditions &; + & + &3 = 0 and Bl + BZ = 0, we obtain the
following solution to the normal equations:

(12.49)

where y = Z[jyij/6, vy, = ijlj/2, and so on.

If we impose the side conditions on both the parameters and the estimates,
equations (12.49) are unique estimates of unique meaningful parameters. Thus, for
example, a; becomes of = i1, — [, the expected deviation from the mean due to
treatment 1 (see Section 12.1.1), and y; —y is a reasonable estimate. On the
other hand, if the side conditions are used only to obtain estimates and are not
imposed on the parameters, then «; is not unique, and y;, —y does not estimate a
parameter. In this case, & =y, —y can be used only together with other elements

in i% [as given by (12.49)] to obtain estimates A’i% of estimable functions A’'B.
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We now proceed to obtain the test for H : oy = a; = a3 following the outline in

Table 12.3. First, for the full model, we need B’X’y = SS(u, ay, o, a3, By, By),
which we denote by SS(u, «, 8). By (12.48) and (12.49), we obtain

Y.

« N 1.
SS(u, a, B) = BXy = (i, 1, ..., By)

Y2
= Ly, + @y + doys + dzys + By + Boya

3 2
=3y Y G I+ G5y,
i=1 j=1

2 3.2 2 2 2 2
Y Yi Yo Yi Yo
== s = 12.50
() (5T wew
since >, y; =y. and Ej v; = ... The error sum of squares SSE is given by
2

y/y,[;/x/yzzyg,ﬁ, iﬁ,yj - Zy_?,iy_%
Ve (&2 e >3 6 )

J=1

To obtain i%ZX’Zy in Table 12.3, we use the reduced model y; = p+ a+
Bj+e&j=p+ B +e; where oy =y = a3 =« and p+ « is replaced by pu.
The normal equations X5Xo i%z = Xy for the reduced model are

36+ 3B =y
34+ 3B, = ya. (12.51)

Using the side condition Bl + ﬁz =0, the solution to the reduced normal
equations in (12.51) is easily obtained as

=5, Bi=%,-5., B=¥,-7. (12.52)

By (12.51) and (12.52), we have

2 2 2
Yi Y.
E 3 6). (12.53)

2
. X . " y
SS(i, B) = ByXoy = oy + Biy.i + Boys ==+ <
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TABLE 12.4 ANOVA for Testing Hy: a1 = a2 = a3

Source of Variation df Sum of Squares F Statistic
Due to « adjusted for w, 8 2 vy vy
SS(alu, B) = o ZE*E /2
SSE/2
Error 2 SSE =32 — BX'y —
- 2 2 _
Total 5 SST = sz Vi — yu/6

Abbreviating SS(«;, @z, a3 |, B1B,) as SS(«|u, «x), we have
~ ~ y2 y2
SS =pBXy—-BXy= L 12.54
(el )= BXy = BXoy = 5 5~ % (12.54)

The test is summarized in Table 12.4. [Note that SS(8|u, «) is not included.]

12.8.3 Orthogonality of Columns of X

The estimates of w, B;, and 3, given in (12.52) for the reduced model are the same as
those of w, B;, and 3, given in (12.49) for the full model. The sum of squares i%’ZX’Zy

in (12.53) is clearly a part of i%’X’y in (12.50). In fact, (12.54) can be expressed as
SS(a|p, B) = SS(w), and (12.50) becomes SS(u, &, 8) = SS(w) + SS(«) + SS(B).
These simplified results are due to the essential orthogonality in the X matrix in
(12.47) as required by Theorem 12.7a. There are three groups of columns in the X
matrix in (12.47), the first column corresponding to w, the next three columns corre-
sponding to &, o, and a3, and the last two columns corresponding to 3, and f3,.
The columns of X in (12.47) are orthogonal within each group but not among
groups as required by Theorem 12.7a. However, consider the same X matrix if
each column after the first is centered using the mean of the column:

12 1 1 1 1
3 3 3 2 2
12 1 1 1 1
3 3 3 2 2
T A R B B |
3 3 3 2 2
G,X,) = . (12.55)
1 L2 111
3 3 3 2 2
1L 12 1 1
3 3 3 2 2
1L 12 11
3 3 3 2 2
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Now the columns are orthogonal among the groups. For example, each of columns 2,
3, and 4 is orthogonal to each of columns 5 and 6, but columns 2, 3, and 4 are not
orthogonal to each other. Note that rank( j, X,) = 4 since the sum of columns 2, 3,
and 4 is 0 and the sum of columns 5 and 6 is 0. Thus rank(j, X_) is the same as
the rank of X in (12.47).

We now illustrate the use of side conditions to obtain an orthogonalization that is
full-rank (this was illustrated for a one-way model in Section 12.1.1.). Consider the
two-way model with interaction

Vit =t a b Bt vy beg, i 1,2 = 1,2 k1,2, (12.56)

In matrix form, the model is

i 1 101 01000 © -
i 110101000]|% £
yioi 1100107100 gz en1
Y122 11001 0100 1 eim
wul 1t o1 10001 0f[P|T]e | @27
212 1 01 1000T1O0 i er
Y221 1 01010001 Y12 .
Y222 1 01 010001 ;’21 e
22

Useful side conditions become apparent in the context of the normal equations,
which are given by

8+ 4(d + ) + 4By + By) 2 + Yia + Yoy F ) =y,

A+ 40 + 2B+ B) 20 + ¥) =i, i=12
ST (12.58)
4o +2(a + o) 4B+ 207+ ) =y, J=1,2

2+ 28+ 2B+ 2% = vy, i=12, j=12

Solution of the equations in (12.58) would be simplified by the following side con-
ditions:

& +a=0, B +pB=0,
Ya+¥.=0, i=12, (12.59)
Yty =0, j=12.

In (12.57), the X matrix is 8 x 9 of rank 4 since the first five columns are all
expressible as linear combinations of the last four columns, which are linearly inde-
pendent. Thus X'X is 9 x 9 and has a rank deficiency of 9 — 4 = 5. However, there
are six side conditions in (12.59). This apparent discrepancy is resolved by noting that
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there are only three restrictions among the last four equations in (12.59). We can
obtain any one of these four from the other three. To illustrate, we obtain the first
equation from the last three. Adding the third and fourth equations gives
Y1+ %1 + Y12+ ¥ = 0. Then substitution of the second, ¥, + ¥, =0,
reduces this to the first, ¥;; + ¥;, = 0.

We can obtain a full-rank orthogonalization by imposing the side conditions
in (12.59) on the parameters and using these relationships to express redundant
parameters in terms of the four parameters u, o, ;, and v;;. (For exposi-
tional convenience, we do not use * on the parameters subject to side conditions.)
This gives

0y = —y, BZ - 7B1’

Yio= —%11, Y21 = Y1, Y2 = Y-

(12.60)

The last of these, for example, is obtained from the side condition y;, + v,, = 0.

Thus vy, = —v12 = (=710
Using (12.60), we can express the eight y; values in (12.56) in terms of

M, O, Bl’ and Y-

Vike=4+or+B,+v,+emw k=12,
Yiok = M+ o + By 4+ vip e
=pto =B — v teax k=12
Wk = M+ oo+ By 4 v + ek
=p—o+B — vy tew k=12
Yook = M+ oo+ By 4 vy + e
=p—o =By +vy temw k=12

The redefined X matrix thus becomes

1 1 1 1
1 1 1 1
1 1 -1 -1
1 1 -1 -1
1 -1 1 -1
1 -1 1 -1
1 -1 -1 1
1 -1 -1 1

which is a full-rank matrix with orthogonal columns. The methods of Chapters 7 and
8 can now be used for estimation and testing hypotheses.
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PROBLEMS
12.1 Show that &, + &, = 2 _as in (12.9).
12.2  Show that ## in (12.10) is minimized by f3, the solution to X'Xf = X'y in
(12.11).
12.3 Use Theorem 2.7 to prove Theorem 12.2a.
124 (a) Give an alternative proof of Theorem 12.2b(iii) based on Theorem
2.8c(iii).
(b) Give a second alternative proof of Theorem 12.2b(iii) based on Theorem
2.8f.
12.5 (a) Using all three conditions in Theorem 12.2b, show that A’ =
p+ m =(1,0, 1) is estimable (use the model in Example 12.2.2a).
(b) Using all three conditions in Theorem 12.2b, show that A’ =
7 + 1 = (0, 1, 1)@ is not estimable.
12.6 If A’'Bis estimable and i%l and Bz are two solutions to the normal equations,
show that A’'3, = X', as in Theorem 12.3a(iii).
12.7 Obtain an estimate of p + 7, using X'y and X’ i% from the model in Example
12.3.1.
12.8 Consider the model y;; = p+ 7+ ¢, i=1,2, j= 1,2, 3:
(@) For A'B=(1,1,008 = u + 7, show that
_ 0
r—-c + % s
0
with arbitrary c, represents all solutions to X'Xr = A.
(b) Obtain the BLUE [best linear unbiased estimator]| for w4+ 7, using r
obtained in part (a).
(¢) Find the BLUE for 71 — 7, using the method of parts (a) and (b).
129 (a) In Example 12.2.2b, we found the estimable functions

AB=p+a +B, =08, and A} =« — ap. Find the
BLUE for each of these using X'y in each case.
(b) For each estimator in part (a), show that E(r/X'y) = A/B.

1210 In the model y; = w+ 7 +ey,i=1,2, ..., k;j=1,2,..., n, show that

Zile ¢;7; 1s estimable if and only if Zile ¢ = 0, as suggested following
Example 12.2.2b. Use the following two approaches:

(@ InA'g= Ef;l ¢;7;, express A’ as a linear combination of the rows of X.
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(b) Express Ef;l ¢;7; as a linear combination of the elements of
E(y) = XB.

In Example 12.3.1, find all solutions r for X'Xr = A and show that all of

them give rX'y =y, —9,.

Show that cov(X, B, AyB) = 0¥/ Ay = P Ajr; = ?A[(X'X) Ay as in

Theorem 12.3c.

(a) Show that (y — XB)'(y — XB) = y'y — B'X'y as in (12.20).

(b) Show that y'y — ﬁ’X’y =y [ - XX'X)"X']y as in (12.21).

Show that B'X'[I — X(X'X)"X']1XB8 =0, as in the proof of Theorem
12.3¢(i).

Differentiate In L(f3, 0°) in (12.26) with respect to 8 and o2 to obtain (12.27)
and (12.28).

Prove Theorem 12.3g.
Show that A’ = b’y = ¢/8 as in (12.34).

Show that the matrix Z in Example 12.5 can be obtained using (12.31),
Z=XU@Uuu) .

Redo Example 12.5 with the parameterization

I A V2 s
v ( T T ) '
Find Z and U by inspection and show that ZU = X. Then show that Z can be

obtained as Z = XU'(UU") .

Show that i% in (12.39) is a solution to the normal equations X’ Xi% = Xly.
o] — op _(0Y. A o

Show that (011 o 2013) = (O) in (12.40) implies ¢t} = oy = a3, as

noted preceding (12.40).

Prove Theorem 12.7b(v).

Multiply X'X in (12.48) by i% to obtain the six normal equations. Show that
with the side conditions é&; + &; + &3 = 0 and Bl + Bz = 0, the solution is
given by (12.49).

Obtain the reduced normal equations X’ZXZ[A%Z = X}y in (12.51) by writing
X, and X5X, for the reduced model y; = p + Bi+e;i=123j=12.

Consider the model y; = p+ 7 +¢;, i = 1,2,3, j=1,2, 3:
(a) Write X, X’X, X'y, and the normal equations.
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(b) What is the rank of X or X'X? Find a set of linearly independent esti-
mable functions.

(¢) Define an appropriate side condition, and find the resulting solution to
the normal equations.

(d) Show that Hy: 1 = 7, = 73 is testable. Find i%’ X'y = SS(u, 7) and
ByX5y = SS(w).
(e) Construct an ANOVA table for the test of Hy: 1 = m = 73.

Consider the model yu =p+ai+ B+ v;+ew i=12, j=12,
k=1,2,3.
(a) Write X'X, X'y, and the normal equations.

(b) Find aset of linearly independent estimable functions. Are «; — ¢ and
y
B, — B, estimable?

Consider the model yu =p+ai+ B+ v +em i=12 =12,
k=1,2.

(a) Write X’X, X'y, and the normal equations.

(b) Find a set of linearly independent estimable functions.

(¢) Define appropriate side conditions, and find the resulting solution to the
normal equations.

(d) Show that Hy: a; = «» is testable. Find B’X’y = SS(u, «, B, y) and
ByX5y = SS(u, B, ).
(e) Construct an ANOVA table for the test of Hy: o = vy

For the model yjx = w+ai + B+ vy + &, i =1,2,j=1,2,k=1,21in
(12.56), write X’X and obtain the normal equations in (12.58).



